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Abstract. A graceful labeling of a tree T with n edges is a bijection f: V(T) — {0,1,2,...n}
such that {|f(u) — f(v)| : wv € E(T)} equal to {1,2,3,...,n}. A spider graph is a tree with one
vertex of degree at least 3 and all others with degree at most 2. We show that some classes of
spider graphs admit graceful labeling.
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1. Introduction

Labeled graphs form useful models for a wide range of disciplines and applications such
as in coding theory, X-ray crystallography, radar, astronomy, electronic circuit design and
communication network addressing [1]. A systematic presentation of diverse applications
of graph labeling is presented in [2].

A graceful labeling of a tree is a special kind of labeling graph, i.e., a graceful label-
ing f of a tree T is a bijective function from the set of vertices V(T') of T to the set
{0,1,2,...,|E(T)|} such that when each edge zy is assigned the label |f(z) — f(y)|, the
resulting edge labels are distinct. There are other concepts of labeling graphs that are
equivalent to graceful labeling, for instance, edge antimagic vertex labeling and rainbow
antimagic labeling (see [3], [4]). A tree that admits graceful labeling is called a graceful
tree. In 1964, Rangel and Rosa (see [5], [6]) gave the famous and unsolved graceful tree
conjecture which stated that all trees are graceful. In order to solve the graceful
tree conjecture, we also start to consider a graceful labeling of some graph which usually
belongs to a subgraph of a tree such as we called a spider graph. The results of graceful
labeling on spider graphs is a step towards potentially solving the graceful tree conjecture.

A spider graph is a tree with one vertex of degree at least 3 and all others with degree
at most 2. Gillian [1] has noted that the special case of the conjecture regarding a spider
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graph is still open and that very few classes of spider graphs are known to be graceful.
Huang et al. [7] proved that all spider graphs with three or four legs are graceful. Bahls et
al. [8] also proved that every spider graph in which the lengths of any two of its legs differ
by at most one is graceful. Jampachon et al. [9], [10] have also proven that S, (k,[,m) is
graceful, where S,,(k, 1, m) is defined in Section 2. Recently, Panpa et al. [11] proved that
all spider graphs with at most four legs of lengths greater than one are graceful.

To prove our results, we need some terminology and existence results which are de-
scribed below.

Let T be a tree with n edges. A graceful labeling of T is a bijection f : V(T) —
{0,1,2,...,n} such that when each edge xy is assigned the label |f(z) — f(y)]|, the edge
label set is equal to {1,2,3,...,n}. A tree with a graceful labeling is called a graceful
tree. In [12] Hrnéiar and Haviar proved Lemma 1 and in [10] Jampachon and Poomsa-ard
proved Lemma 2 and Lemma 3.

Lemma 1. Let T be a tree with n edges and a graceful labeling f. Then, the function
f v(T)—{0,1,2,...,n} is given f*(v) =n — f(v) is also a graceful labeling of T.

Lemma 2. Let P, be a path graph with V(Pa,) = {v1,v2,v3,...,02,} and let M =
{a+1,a+2,...;,a+n,m+a+1,m+a+2,...,m+a+n}, m>n anda > 0. Then, there
is a bijective labeling f : V (Pay) — M such that f(v1) =1 or f(van) =1, wherei € M and
the edge label set is {m —n+1,m—n+2,...,m+n—1}.

Lemma 3. Let P, be a path graph with V(P,) = {v1,v2,vs,...,v,} and let M = {m,m+
I,m+2,....,m+mn—1}. Then, there is a bijective labeling f : V(P,) — M such that
f(v1) =i or f(vn) =1, where i € M and the edge label set is {1,2,3,...,n —1}.

Let T be a tree and let u be a leaf of T'. Let T'(u,uy,ug,...,u,) be the tree obtained
from T by adding the vertices w1, us, us, ..., u, and the edges uui, uiuo, ..., Up_1Uy. In
[13] Sangsura and Poomsa-ard have proved Lemma 4.

Lemma 4. If a tree T has a graceful labeling f such that f(u) = 0, where u is a leaf of
T, then T'(u,uy,ug,...,uy,) is graceful for n > 1.

A spider graph or spider is a tree with at most one vertex of degree greater than
2 and this vertex is called the branch vertex and is denoted by vg. A leg of a spider

graph is a path from the branch vertex to a leaf of the tree. Let S, (my,ma,...,mg),
n > k, denote a spider graph of n legs such that its legs have length one except for k
legs of lengths my,ma, ..., my, where m; > 2 for all « = 1,2,..., k. In [11] Panpa and

Poomsa-ard proved Lemma 5 and Lemma 6.

Lemma 5. If Sx(m1,ma,...,my) has a graceful labeling f such that f(vg) = 0, then there
is a graceful labeling " of Sp(mi,ma,...,my) such that f'(vy) = 0.

Lemma 6. If Sk(my,ma,...,my) has a graceful labeling f such that f(vg) = 0, then
Sp(l,m1,ma,...,my) is also graceful.
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In this paper we study graceful labeling of some class of spider graphs whose graceful
labeling is generated by our two special labeling types. Now, we consider the special
labeling of a graph as the following. Let T be a spider graph of n legs and for each i-th
leg of T' is represented by a path v — v;y,, where an integer m; > 2 for all : = 1,2,...,n
as shown in Figure 1. It can be seen that |V(T')| = m1 +ma +mg + ... +my, + 1. We
now introduce a labeling f of T', which will be used to generate graceful labelings in the
following subsequent part.

V11 vi2 ... Vi(ma—1) Jimy

Un2 .. In(my,—1) Inmy,
U(n—1)2. Yn—1)(mn_1-1) Y(n—1)mn_1
U(n—2)2. In—2)(mn_o-1)  V(n-2)m,_s
v
Us2 ... Y5(ms—1) Usms
Va2 D4(my—1) Ddmy
U2 ... Y3(ma—1) U3ms
21 22 " Wo(my1) WV2mgy
. Figure 1
Let T" be obtained from T by deleting the edges VU31, V041, - - -, VU(_1)1, VUp1 and
adding the edges v2,,v31, V3m;v41, - - - s V(n=2)m _a) Y(n—1)15 U(n—1)m, ;) Unl- Then we get

T’ is a path. Next we will label the vertices of path T’ in the following way.

Case my is odd. Let m; = 2p + 1. Then we label the vertices of T” alternating
between the highest and the lowest remaining unused labels by starting with f(vim,) =
mi +mg + ...+ my and f(vi(m,-1)) = 0. Then we get f(v) = p.

Case mj is even. Let my = 2p’. Then we label the vertices of T alternating between
the lowest and the highest remaining unused labels by starting with f(vi,,) = 0 and
JF(Wi(my—1)) = m1 +ma + ... +my. Then we get f(v) =p'.

Notice that the labeling in two cases of T” are graceful. We will use the labeling in two
cases to generate graceful labeling of some spider graphs in the later part. For convenience,
we call the labeling constructed in the first case and the second case as Type I and Type
II, respectively.

2. Main Results

In this section we want to show that some spider graphs are graceful. At first, for a
spider graph that has n legs and there exist n — 2 legs of them are even lengths as the
following theorem.

Theorem 1. Let T be a spider graph of n legs with lengths mi, mo,ms, ... ,my. If mjy1 =
2m; fori=2,3,....,n—1, then T is a graceful labeling graph.

Proof. Let T be the spider as shown in Figure 1.
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Case 1. If m; is odd, then let f be the labeling of T' of Type I. Consider |f(vs1) —
f(vam,)]. Since mg = 2mg, then by the way of labeling of T of Type I there exists
v € {vs1,v32,...,03m,} such that |f(v') — f(v)| = |f(vs1) — f(vam,)|- Since ms is even,
then by Lemma 2, we can change the labeling f at vs1,vs32,...,v3,, to be the labeling
1’ such that |f'(vs1) — f(v)| = |f(vs1) — f(vamy,)|, the set of vertices labeling of f and
the set of vertices labeling of f’ are the same and the set of edge labeling of f and
the set of edge labeling of f’ are the same. Further, for any 7,4 < 7 < n consider
|f(vi1) = f(V(i—1)m,_,)|- Since m; = 2m;_1, then by the way of labeling of 7" of Type I
there exists v € {vi1,Vi2, - .., Vim, } such that [f(v") — f(v)] = |f(vi1) — f(v(i — )m;_1)|.
Since m; is even, then by Lemma 2, we can change labeling f at v;1, vi2, . .., Vim, to be the
labeling f” such that |f" (vi) — f(v)| = | f(vi) — J(V(i—1ym,_, )| the set of vertices labeling
of f and the set of vertices labeling of f" are the same and the set of edge labeling of f
and the set of edge labeling of f" are the same. Hence T amit graceful labeling.

Case 2. If m; is even, then let f be the labeling of T of Type II and consider in a
same way as the Case 1, we get T' admit graceful labeling.

We get the second case as the following theorem.

Theorem 2. Let T be a spider graph of n legs with lengths mi,ma, ms, ..., my. If miy; =
mo+ms+...+m;+1,1=23,...,n—1, then T is a graceful labeling graph.

Proof. Let T be the spider as shown in Figure 1.

Case 1. If my is odd, then let f be the labeling of T" of Type I. Consider |f(vs1) —
f(vam,)]. Since ms = mg + 1, then by the way of labeling of T' of Type I we have
|f(3mg) — f(v)| = | f(vs1) — f(vam,)|- We can change the labeling f at vs1,vs2,. .., V3ms
to be the labeling f’ such that |f/(vs1) — f(v)| = | f(vs1) — f(vam,)| by reversing the order
of theirs labels. Further, for any i,4 < i <n — 1 consider |f(vi1) — f(v(i—1)m,_,)|- Since
m; = mg +ms + ...+ my—1 + 1, then by the way of labeling of T' of Type I we have
| f (Vim,;) — f(v)| = |j:l(vi1) — f(v(@ - 1)m;—1)|. We can change labeling f at v;1, via, . . ., Vim,
to be the labeling f~ such that |f (vi1) — f(v)| = [f(vi1) — f(v(i=1)m,_, )| by reversing the
order of theirs labels. Hence T" amit graceful labeling.

Case 2. If m; is even, then let f be the labeling of T of Type II and consider in a
similar way as the Case 1, we get T admit graceful labeling.

Next we will extend Theorem 1 to be more general.

Theorem 3. Let T be a spider graph of n legs with lengths my,mo, ms,...,my. If
ms,mg, ..., My are even and m;y1 > 2m; for ¢ = 2,3,...,n — 1, then T is a graceful
labeling graph.

Proof. Let T be the spider as shown in Figure 1.

Case 1. If m; is odd, then let f be the labeling of T of Type I. Consider |f(v3;) —
f(vam,)|- Since m3 > 2ma, then by the way of labeling of T of Type I we have | f(v3(m,41))—
f)| = |f(vs1)— f(vam,)|. Since mg is even, then by Lemma 2, we can change the labeling
f at v31,v32,. .., V3ms to be the labeling f’ such that |f'(vs1) — f(v)| = |f(vs1) — f(v2my )]s
the set of vertices labeling of f and the set of vertices labeling of f’ are the same and
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the set of edge labeling of f and the set of edge labeling of f’ are the same. Further, for
any 4,4 <4 < n consider |f(vi1) — f(V(i—1)m,_,)|- Let m" =ma +m3z + ... +m;_1. Since
m; > 2m;—1 > m/, then by the way of labeling of T" of Type I we have | f(v;(mr11)) — f(v)| =
|f(vi1) = f(v(i—1)m,_,)|- Since m; is even, then by Lemma 2, we can change labeling f at
Vi1, Via, - - -, Vim, to be the labeling f" such that |f" (vi) — f(v)| = |f(vi1) — FWia—1ym,_)
the set of vertices labeling of f and the set of vertices labeling of f* are the same and the
set of edge labeling of f and the set of edge labeling of f* are the same. Hence T amit
graceful labeling.

Case 2. If m; is even, then let f be the labeling of T" of Type II and consider similar
way as the Case 1 we get T admit graceful labeling.

We get the fourth case as the following theorem.

Theorem 4. Let T be a spider graph of n legs with lengths my,mo, ms, ..., mMy. If mgo =
ms=my and mjy1 =mo+ms+...+my,t =3,4,...,n—2, then T is a graceful labeling
graph.

Proof. Let T be the spider as shown in the Figure 1.

Case 1. If m; is odd, then let f be the labeling of T of Type I. Consider |f(v3;) —
f(vam,)|. Since m3 = mg, then by the way of labeling of T' of Type I we have |f(v41) —
f()| = [f(vs1) = f(vam,)|- Further, for any i,4 < i < n—1 consider | f(vi1) = f(Vi—1)m,_,)|-
Since m; = mo + m3 + ...+ m;_1, then by the way of labeling of T' of Type I we have
|f (i) = f)] = [f(vir) = f(v(i — 1)mi—1). Next consider |f(vn1) = f(v@n—1)m, )|
Since my = m3 = my,, then by the way of labeling of T of Type I we have | f(v3m,)— f(v)| =
|f(vn1) = f(Vn=1)m,_,)|- We can change labeling f at vs1,vs2, ..., v3m; to be the labeling
J" such that |f"(v31) — f(v)] = [f(vn1) — f(V(n—1)m,_,)| by reversing the order of theirs
labels. Hence T amit graceful labeling.

Case 2. If m; is even, then let f be the labeling of T" of Type II and consider in a
similar way as the Case 1, we get T" admit graceful labeling.

Next we will extend Theorem 2 to be more general.

Theorem 5. Let T be a spider graph of n legs with lengths mi,mo,ms,...,my,. If
ms,mg,..., My are even and Mmir1 > Mo +ms + ... +m; +1 fori = 2,3,...,n—1,
then T is a graceful labeling graph.

Proof. Let T be the spider as shown in Figure 1.

Case 1. If m; is odd, then let f be the labeling of T of Type I. Consider |f(vs1) —
f(vam,)]. Since ms > mg + 1, then by the way of labeling of T of Type I we have
|f (V3(mot1)) — f(0)] = [f(vs31) — f(vamy)|- If m3 = ma + 1, then we can change labeling f
at V31, V32, ...,U3mg to be the labeling f, such that |f’(v31) — f(U)| = ]f(vdl) — f(U2m2)|
by reversing the order of theirs labels. Suppose that ms > mo + 1. Since mgs is even,
then by Lemma 2, we can change the labeling f at vs1,vs2,...,v3,; to be the labeling
f" such that |f" (v31) — f(v)| = |f(v31) — f(vam,)|, the set of vertices labeling of f and
the set of vertices labeling of f” are the same and the set of edge labeling of f and
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the set of edge labeling of f' are the same. Further, for any i,4 < i < n consider
|f(vin) — f(v(i,l)mi71)|. Let m’ = mo +m3 + ... +m;_1. Since m; > m’ + 1, then by
the way of labeling of T' of Type I we have |f(vmry1) — f(v)] = |f(vi1) — f(v(i_l)mi_l)|.
If m; = m/ 4 1, then we can change labeling f at v;1, vi2, ..., Uim, to be the labeling I
such that |f" (vi1) — f(0)| = | f(vi1) — f(V(i—1)m,_, )| by reversing the order of theirs labels.
Suppose that m; > m’+1. Since m; is even, then by Lemma 2, we can change labeling f at
Vi1, Vi2, - - - , Vim, to be the labeling f% such that |f®(v1) — f(v)] = [f(vin) = fF(vi—1ym;_, )|
the set of vertices labeling of f and the set of vertices labeling of f* are the same and the
set of edge labeling of f and the set of edge labeling of f* are the same. Hence T amit
graceful labeling.

Case 2. If my is even, then let f be the labeling of T' of Type II and consider in a
similar way as the Case 1, we get T admit graceful labeling.

Next we will combine the results of Theorem 2 and Theorem 5 as the following
theorem.

Theorem 6. Let T be a spider graph of n legs with lengths mi,ma,ms,...,my. If T
satisfies the following conditions:

(i) if m; is odd, then m; = mo +ms+ ... +m;_1 + 1,

(ii) if m; is even, then m; > ma +m3 + ... +m;_1 + 1,

for any i =3,4,...,n, then T is a graceful labeling graph.

Proof. Let T be the spider as shown in Figure 1.

Case 1. If my is odd, then let f be the labeling of T" of Type 1. For any m;,i =
3,4,...,n consider |f(vi1) — f(Vi—1)m,_,)]- Let m' = ma + mz + ... + m;_1. Since
m; > m’+1, then by the way of labeling of T' of Type I we have | f(vy41)—f(v)| = | f(vi)—
J(W@—1ym,_,)|- If m; is odd,then by (i) we have m; = m’+ 1. We can change labeling f at
Vi1, Vi2, - - -, Vim,; to be the labeling f* such that | f'(vi1) — f(v)] = [f(vi1) — f(vG—1)m,_,)]
by reversing the order of theirs labels. If m; is even, then by (ii) we have m; > m' + 1.
If m; = m’ + 1, then we can change labeling f at v;1,vi2, ..., Vim, to be the labeling fN
such that |f” (vi1) — f(v)| = | f(vi1) — f(V(i—1)ym,_,)| by reversing the order of theirs labels.
Suppose that m; > m/+1. Since m; is even, then by Lemma 2, we can change labeling f at
Vi1, Vi2, - - - , Vim, to be the labeling £ such that |f" (vi1) — f(v)| = | f(vi1) — FWia—1ym,_)
the set of vertices labeling of f and the set of vertices labeling of f are the same and the
set of edge labeling of f and the set of edge labeling of f” are the same. Hence T amit
graceful labeling.

Case 2. If m; is even, then let f be the labeling of T" of Type II and consider in a
similar way as the Case 1, we get T admit graceful labeling.

Next we will consider a spider graph in which all of its legs except one are equal.

Theorem 7. Let T be a spider graph of n legs with lengths my,mo, ms,...,my,. If mgy =
ms =...=my, then T is a graceful labeling graph.

Proof. Let T be the spider as shown in Figure 1.
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Case 1. If my is odd, then let f be the labeling of T" of Type I. Since mo =
ms3 = ... = my,, then by the way of labeling of T" of Type I for n is odd we have
| f(va1) — f(v )\ = |f(vs1) = f(vam,)|, [ f(ve1) = f(v)| = [f(va1) = f(W3ms)ls - - o [f(0n—1)1) —

f)| = |f( (n—=1)/24+1)1 ) ( (n—1)/2)m - 1)/2)| and | f(vpm, ) — f(v)| = |f(v((n71)/2+2)1) -
(=124 1men 1) 25 s L (On=2)m, o) =F @) = | (0(n=1)/243)1) = (0((n=1)/242)m 1) 242 |5

s [f(W3ms) — f ()] = [f(vn1) = f(V(n=1)m,,_, )| For eachi,i =3,5,...,n, if we change the
labeling [ at vi1, v, ..., Vim, by reversing the order of theirs labels, then we get T' is grace-
ful. For n is even we have | f(va1) — f(v)| = | f(vs1) = f(vam,)l, | f(ve1) = f(0)] = [ f(var) —
fsms)ls o [f (vn1) = F)] = | f(vns211)1) = f(W@y2ym, )| and | f(0@-1)m, ) — f(v)] =
|f( U(n/2+2)1 ) f(v(n/2+1)mn/2+1)| |f(v n—3)mn,3) f)| = |f(v(n/2+3)1)_f(v(n/2+2)mn/2+2)|7

s [ f(3ms) — f(0)| = | f(vn1) = f(V(n—1)m,,_,)|- For eachi, i =3,5,...,n—1, if we change
the labeling f at v;1,vi2, ..., Vim, by reversing the order of theirs labels, then we get T is
graceful.

Case 2. If my is even, then let f be the labeling of T of Type II and consider similar
as the Case 1 we get T' admit graceful labeling.

3. Conclusion

In this paper, we obtain that certain spider graphs, whose labeling is constructed in
the forms of Type I or Type II, admit graceful labeling whenever the lengths of their legs
satisfy the conditions presented in Theorems 1 through 7.
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