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Abstract. This paper investigates the stability properties of matrix families through the lens
of Riccati, Lyapunov, and Schur stability. We focus on establishing connections between these
stability concepts, particularly in the context of continuous and discrete-time systems, as well
as time-delay systems. The results provide criteria for common Riccati stability, exploring its
implications on Lyapunov and Schur stability across matrix families. Furthermore, we examine
the effects of scaling transformations and similarity transformations on common Riccati stability,
demonstrating its robustness under scalar multiplication and similarity changes. The findings
contribute to a deeper understanding of matrix stability in control systems, offering insights into
the structural preservation of stability properties under various transformations. This work has
potential applications in robust control and the stability analysis of complex systems subject to
time delays and structural modifications.
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1. Introduction

The work in this paper considers only matrices in the real space R™*". We use the
notation X > 0 (X < 0, respectively) to indicate that a matrix X € R™ " is positive
definite (negative definite, respectively). Similarly, we denote a positive semidefinite (
negative semidefinite, respectively) matrix by X = 0 (X < 0, respectively). Unless stated
otherwise, a positive or negative definite or semidefinite matrix is assumed to be symmetric.

For a matrix X € R™ ", we write XT to denote the transpose of X, we also write
X! to refer to the inverse of X, and X7 for its inverse transpose, defined as X7 =
(XT)=1 = (X~ 1H)T. Additionally, we use I to denote the identity matrix with its size
implied by the context.
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Consider a matrix X € R™™. In this paper, we use o(X) to represent the spectrum
of X and p(X) to indicate its spectral radius. The spectral abscissa of X, represented by
a(X), is defined as the largest real part among the eigenvalues of X. Formally, we write:

a(X) = max{Re(\) | A € o(X)}.

For further details, refer to [1, 2].
Let us start by reviewing some key definitions related to types of matrix stability
relevant to this study.

Definition 1. [3] Let A be a matriz in R"*™. The matriz A is called Hurwitz (or Hurwitz

stable) if all its eigenvalues are located in the open left half of the complex plane, meaning
a(A) <0.

A well-known characterization of Hurwitz stability for a matrix A € R™*™ involves the
Lyapunov equation
ATP+PA+Q =0,

where P, @Q € R™" with P = 0 and @ > 0; see [3]. This result is fundamental in assessing
the stability of continuous linear systems described by

(1) = Az(t), (1)

where A € R™ " and z(t) € R™. Specifically, if there exists a P > 0 satisfying the
Lyapunov equation, then the linear system in (1) is associated with a Lyapunov function
V(z) = 2T Pz, confirming the system equilibrium is asymptotic stability. This criterion
for Hurwitz stability is presented in the following lemma, known as Lyapunov’s Theorem.

Lemma 1. [3, 4] A matriz A € R™" is Hurwitz stable if there exist positive definite
matrices P,Q € R™™™ such that

ATP+PA=—Q.

Alternatively, Lemma 1 can be restated using the Lyapunov inequality: A is Hurwitz
stable if and only if there exists a positive definite matrix P € R™*™ such that

ATP 4+ PA<O. (2)

Within this context, P is referred to as a Lyapunov solution for matrix A or the Lyapunov
inequality.

The concept of Hurwitz stability for a single matrix A € R™*"™ has been extended
in the literature (see [5-8]) to consider families of real matrices through the notion of
common Lyapunov stability. This extension is particularly significant in control theory,
especially in the analysis of switched systems and robustness, where ensuring stability
across multiple system configurations is crucial [9, 10].
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Specifically, a family of real matrices A = {Ai1,..., A} is said to have common
Lyapunov stability if there exists a positive definite matrix P such that for each ¢ =
1,...,m,

ATP 4+ PA; <0, (3)

The existence of such a matrix P implies simultaneous Hurwitz stability for the ma-
trices in A. In other words, the linear systems associated with the matrices in the family
A share a common Lyapunov function given by

V(z) =z Pz, (4)

which serves as a unified measure to demonstrate the stability of each system in the
family.

The concepts of Hurwitz stability and common Lyapunov stability have been further
extended to diagonal Lyapunov stability [4, 11, 12] and common diagonal Lyapunov sta-
bility [4, 13, 14], respectively. This extension focuses on identifying a diagonal positive
definite matrix P = diag(pi,p2,...,pn) such that, for a single matrix A, the Lyapunov
inequality (2) is satisfied. This formulation simplifies the task by narrowing it down to
finding the positive diagonal elements p;, taking advantage of the diagonal structure for
easier computations.

In a similar way, for a family of matrices A = {41,..., A,,}, common diagonal Lya-
punov stability entails finding a single diagonal positive definite matrix P that meets the
inequalities (3). In this case, P is referred to as a common Lyapunov solution for the fam-
ily A. Equivalently, the family A has common Lyapunov stability if there exist positive
definite matrices P, Q1, ..., Qm € R™™™ such that

ATP + PA; +Q; =0,

fori=1,...,m.

This approach proves especially valuable in large-scale systems or in cases involving
decoupled or weakly coupled subsystems, where computational simplicity and efficiency are
key. By restricting P to be diagonal, we lower the problem’s complexity while maintaining
a unified framework for proving the stability of each system in the family.

Building upon the continuous-time case, we now consider discrete-time difference sys-
tems, which are fundamental in digital control and signal processing [15]. Specifically, we
examine the system:

o(k+1) = Az(k).

The zero equilibrium of this system is asymptotically stable if there exists a positive
definite matrix P € R™*™ such that

ATPA—-P <.
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This condition ensures that the Lyapunov function V(z) = T Pz decreases over time,
guaranteeing stability. Similar to the continuous-time scenario, the stability of the discrete-
time system can also be characterized by the eigenvalues of A. Specifically, the system
is asymptotically stable if all eigenvalues of A lie strictly inside the open unit disk of the
complex plane. When this condition is met, A is referred to as Schur stable matrix.

Definition 2. [}/ A matrizx B € R™ " is called Schur stable if its spectral radius satisfies
p(B) < 1.

Lemma 2. [/] A matriz A € R"™"™ is Schur stable if and only if there exist positive definite
matrices P,Q € R™™ such that:

ATPA—P=—-Q.

This equation is known as the Stein equation and plays a significant role in discrete-
time stability analysis, analogous to the Lyapunov equation in continuous-time systems.

Extending this notion to the common case, consider a family of matrices A = {41, Ag, . ..

The family A is said to possess common Schur stability if there exists a single positive
definite matrix P such that for all ¢ = 1,...,m, the following inequality holds

ATPA;, - P <0.

This P is known as the common Schur solution for the family A. The definition of common
Schur stability can stated using an equation instead of inequality. That is A has a common
Schur stability if there exist positive definite matrices P, Q1, ..., @Qm € R™ "™ such that

1=1,...,m.

The existence of such a common matrix P implies that each system in the family,
described by xz(k + 1) = A;z(k), is asymptotically stable. Moreover, they all share the
common Lyapunov function as in (4) which serves as a unified tool to demonstrate the
stability of all systems within the family A.

Moving forward, consider the linear differential systems with time delays, which are
frequent in many engineering applications where delays are inevitable. Specifically, we
examine the system

#(t) = Ax(t) + Ba(t — 1), (5)

where A, B € R™ " are constant matrices, x(t) € R" is the state vector, and 7 > 0
represents an arbitrary time delay. Understanding the stability of such time-delay systems
is crucial because delays can significantly affect system performance and may lead to
instability if not properly accounted for [16].

As demonstrated in [17], the system (5) admits a Lyapunov-Krasovskii functional of
the form



A. Algefary, K. A. Alqufari / Eur. J. Pure Appl. Math, 18 (2) (2025), 6072 5 of 14

t
V(z) =2l Pz + / 2T (5)Qux(s) ds,
t—1
provided that there exist positive definite matrices P, Q, R € R™*" satisfying the Riccati
equation

ATP+ PA+Q+PBQ 'B'P+R=0.

The existence of this Lyapunov-Krasovskii functional is significant because it guaran-
tees that the equilibrium point of system (5) is asymptotically stable for all delays 7 > 0
see [18].

The requirement that positive definite matrices P, @, R satisfy the Riccati equation
defines the concept of Riccati stability for a pair of matrices (A, B), which was introduced
in [19]. The connections between Riccati stability and classical notions of stability, such
as Hurwitz and Schur stability, have been explored in [20]. Moreover, several results
establish links between Riccati stability and the stability analysis of time-delay systems,
underscoring its importance in this area of study.

Similar to the concept of common Lyapunov stability, we introduce the notion of com-
mon Riccati stability. This concept involves finding positive definite matrices P,Q, R; €
R™ "™ 4 =1,...,m, that satisfy a Riccati equation simultaneously for a family of matrix

pairs U = {(A;, Bi) }i,.

Definition 3. Let A;,B; € R™" fori = 1,...,m. We say that the family of pairs
U = {(A;, B;)}*, has common Riccati stability if there exist positive definite matrices
P .Q,R; € R™™ such that the following Riccati equations

ATP4+ PA;+Q+ PB,Q 'B'P+ R; =0,

i=1,...,m, hold.

When such matrices P,Q, R;, i = 1,...,m, exist, we refer to the pair (P,Q) as a
common Riccati solution for the family /. Essentially, common Riccati stability represents
a simultaneous solution to the Riccati equations associated with each pair (A4;, B;) in U.

The existence of a common Riccati solution for the family ¢/ implies that

t
V(z) = 2T Px —I—/ 2T (5)Qux(s) ds
t—T
serves as a common Lyapunov-Krasovskii functional for all time-delay systems associated
with the pairs in U.

The main contributions of this paper are organized into two key parts. In the first part,
we explore the connections between common Riccati stability for a family of matrix pairs
U = {(A;, B;)}1", and the concepts of common Lyapunov stability and common Schur
stability. By investigating these relationships, we aim to deepen the understanding of how
these different stability notions are interrelated within the context of control theory and
system dynamics.
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In the second part, we explore several scaling properties associated with common
Riccati stability. Analyzing these properties is significant because scaling can affect the
stability of systems, and understanding this impact is crucial for the design and analysis
of robust control systems. By identifying how scaling transformations influence common
Riccati stability, we provide insights that can lead to more efficient computational methods
and enhance the applicability of stability criteria to a broader class of systems.

2. Common Lyapunov, Schur, and Riccati stability

In this section, we explore the foundational relationships among common Lyapunov
stability, common Schur stability, and common Riccati stability for families of matrices
and matrix pairs. These stability concepts play crucial roles in analyzing and ensuring
the robustness of complex systems, particularly in control theory. By developing these
interconnections, we provide a unified framework that simplifies stability analysis across
various system structures and enhances our understanding of stability in both continuous
and discrete-time systems.

Theorem 1. Fori =1,...,m, suppose that A;, B; € R™*™. If the familyU = {(A;, B;) }I"4
has a common Riccati stability, then the family A = {A;}", has a common Lyapunov
stability.

Proof. Let P,Q,R; € R™™ i =1,...,m be positive definite matrices such that (P, Q)
is a common Riccati solution for the family U = {(A;, B;)}7,. Then, foreachi=1,...,m,
the matrices

X, =Q+ PB,Q 'BI'P + R,

are positive definite. Consequently, we have

ATP+PA+ X =0
for every i € {1,...,m}. Thus, P serves as a common Lyapunov solution for the family
A= {Ai}ﬁr
Theorem 2. Fori=1,...,m, suppose that A;, B; € R™". If the familyU = {(A;, B;)}",
has common Riccati stability, then the family {A;lBi}ﬁl has common Schur stability.

Proof. Let P,Q,R; € R™"™ i =1,...,m be positive definite matrices such that (P, Q)
is a common Riccati solution for the family &/ = {(A;, B;)}7*,. Then, for i = 1,...,m,
the following equations hold

ATP+ PA+Q+ PB,Q 'BI'P+R; = 0. (6)

According to Theorem 1, the family {A;}!", has common Lyapunov stability, and there-
fore, each A; is nonsingular. Thus, the equations in (6) can be rewritten as

ATP + PA; +Q + PA; |[A7'BiQ™'Bf AT | AP+ R =0
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for each i. Next, observe that for each i € {1,...,m}, these equations are identical to
(PAQ '+ DNQU +Q 'AI'P)+ PA; |AT'B,Q'BF AT — QM ATP+ R, =0. (7)

Define
Zi=(PAQ "+ 1)QUI +Q *ATP) + R;,

fori € {1,...,m}. It is evident that each of Z; is a positive definite matrix. By substituting
Z; in (7), we obtain

PA; (AT BQT BT AT - Q7Y ATP + 7, = 0.

For i = 1,...,m, note that A; is nonsingular, and since P is positive definite, it is also
nonsingular. Therefore, the matrices PA; and (PA;)” for i = 1,...,m are nonsingular.
Now, observe that for i = 1,...,m, we have (PA;)~' = A7'P~' and (PA;)"" = P71 AT,
Consequently, for each i € {1,...,m}, we can pre-multiply the i" equation in (7) by
(PA;)~! and post-multiply it by (PA;)~T. Thus, the equations in (7) become

AT B,QT'BI AT — Q7+ (PA) T Zi(PA)TT =0, (8)

for i =1,...,m. Next, let
Y; = (PA;) 1 Z;(PA;) T,

for ¢ = 1,...,m. Recall that each Z; is positive definite; consequently, Y; is positive
definite for each i € {1,...,m}. Hence, the equations in (8) reduce to the following

(A7'B)Q (4 'B)T — Q7 +Y; =0,

for i =1,...,m. By the definition of common Schur stability, this implies that the family
{A;7'B;}™, has common Schur stability.

Having established that common Riccati stability implies both common Lyapunov and
Schur stability, we now examine the reverse relationship in Theorems 3 and 4. Specifi-
cally, in Theorem 3, we show that if the family {A;lBi};il possesses common Schur
stability, then there exist orthogonal transformations of the matrices A; that ensure each
transformed matrix is Hurwitz. Furthermore, under these transformations, the pairs
(A;A;, A;B;) maintain a Riccati solution that shares a common matrix.

Theorem 3. Fori=1,...,m, suppose that A;, B; € R"*"™. If the family {A;lBi}Z’»’ll has
common Schur stability, then there exist orthogonal matrices A;, i = 1,...,m, such that
for each i, A;A; is Hurwitz, and for each i, the pair (A;A;, A;B;) has a Riccati solution
(X5, Y), i.e. all the pairs share the same Y in their Riccali solution.

Proof. As {A;lBi}ﬁl has common Schur stability, there are positive definite matrices
P,Q1,...,Q,, such that

(A7'Bi)P(A7'B)T + Qi = P, (9)
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fori=1,...,m. Additionally, the existence of the family {A; 1Bi}?;1 means that for each
i, the matrices A; ! exist. Now, let Y = P~! = 0 and suppose that the matrices YA;1 for
all i € {1,...,m} have singular value decomposition

YA =Un VT,

where U,-UZ-T =1, V;ViT = I, and the diagonal matrices 3J; are positive definite. Next, for
each i, define A; = —UZVZ-T. Thus, we have

YATAT = U, Ul = X, (10)
Clearly, each X; is a positive definite matrix. Now, for each i, observe that
YV = -XiNA; = —AT AT X,
ie.,
Y + X; 04, =0
and
Y + ATATX; = 0.
Adding these two equations together, we obtain

for i = 1,...,m. This implies that for every i € {1,...,m}, A;A; is Hurwitz. Now, from
(9), it follows that

ATATABY ' BIATAATT + Qi =YL
By pre-multiplying this last equation by Y and post-multiplying it by Y7, we get
YATZAT(AB)Y Y(BIADAATTYT +YQ YT =,
i =1,...,m. This, by (10), is equivalent to
X;(AB)Y Y AB) X; +YQYT =, (12)

i=1,...,m. Combining (11) and (12) gives

(A A)TX; 4+ Xi(AA) + Y + Xi(AB)Y N (AB) X, + Z; = 0,
i=1,...,m, where Z; = YQ;Y". Thus, the conclusion of the theorem holds.

Next, we extend the results on common Lyapunov solutions to demonstrate that, given
a family of matrices with a common Lyapunov solution, we can construct a corresponding
family of matrix pairs {(A;, B;)};~, that shares a common Riccati solution. This result
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bridges the gap between Lyapunov stability for a family of matrices and Riccati stability
for pairs of matrices, highlighting how solutions in one framework can lead to stability
in the other. By constructing appropriate matrices B;, we show that a single Lyapunov
matrix can satisfy the Riccati equations across the family, establishing a unified stability
criterion.

Theorem 4. Fori=1,...,m, suppose that A; € R"*". If the family A = {A;}", has a
common Lyapunov solution, then there exist matrices B;, i = 1,...,m, such that for each
i, the pair (A;, B;) has a Riccati solution (P, QZ), i.e. all the pairs share the same P in
their Riccati solution.

Proof. Let us assume that the family A has a common Lyapunov solution. Then, there
exist positive definite matrices P, Q1, ..., Q,, such that

ATP+PA; +Q; =0, i=1,...,m.

Now, consider arbitrary scalars a > 0 and 8 > 0 with o? + 82 < 1. Therefore, it follows
that

AT P+PAA+*Qi+(1-a*—BHQi+P (P aBQ:) Qa2 (QiaBP™ )P =0, i=1,...,m.

(13)
Define
Bi = O[BP_IQ’L"
and
Si=(1-a”-pB%)Q;,
i =1,...,m. Then, equation (13) reduces to

ATP + PA; +a%Qi + S; + PB,Q; 'a™?BIP=0, i=1,...,m.

On letting Q; = a2Q;, this implies that for each ¢ € {1,...,m}, the pair (4;, B;) has
(P, Qi) as a Riccati solution. This completes the proof.

This section establishes the foundational relationships between common Riccati, Lya-
punov, and Schur stability. Theorems 2.1 and 2.2 demonstrate that common Riccati
stability implies both common Lyapunov and Schur stability, highlighting how the Riccati
framework provides a unifying structure for ensuring system robustness across continuous
and discrete-time settings. These results indicate that solving the Riccati equations for a
family of matrix pairs yields solutions that inherently satisfy Lyapunov-type inequalities,
thus extending classical notions of stability to more complex system structures. In the
next section, we build upon these results by exploring the preservation of Riccati sta-
bility under various transformations, further emphasizing the robustness of the proposed
approach.
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3. Stability preservation in scaled common Riccati families

In this section, we explore how common Riccati stability behaves under transforma-
tions, focusing on scaling properties and similarity transformations. These adaptation
examine how stability characteristics are preserved or modified when the family of matrix
pairs undergoes specific alterations, such as scaling by a positive scalar or transformations
by a nonsingular matrix. This analysis is crucial in control theory applications where
systems may be subject to rescaling or coordinate transformations, yet stability needs to
be maintained across these changes.

Theorem 5. Fori=1,...,m, suppose that A;, B; € R"*™. If the familyU = {(A;, B;)}",
has common Riccati stability, then the family V = {(B8A;, 8B;i)}", has common Riccati
stability for all > 0.

Proof. Assume that there are positive definite matrices P,Q, R1, ..., Ry € R™™ such
that (P, Q) is a common Riccati solution for . Thus, the following equations hold

ATP4+ PA;+Q+PB,Q'B'P+ R, =0,
for i =1,...,m. Thus, for every 8 > 0, we have

B(ATP+ PA;+Q+ PB;,Q 'BIP+R;) =0,

for ¢ = 1,...,m, which are equivalent to
Qfl
(BA)TP+ P(BA;) + BQ + P(ﬂBi)T(ﬁBi)TP + (BR;) =0,
for i = 1,...,m. This implies that the pair (P, fQ) is a common Riccati solution for the
family V.

Theorem 6. Fori =1,...,m, suppose that A;, B; € R™*". If the familyU = {(A;, Bi)}"4
has common Riccati stability, then for any nonsingular matric H € R™ ™  the pair
(H-TPH=Y, H-TQH™') is a common Riccati solution for the family V = {(HA;H-', HB;H~1)}™,.

Proof. Suppose that (P, Q) is a common Riccati solution for the Y. Thus, there are
positive definite matrices Ry, ..., Ry, € R™" satisfying

ATP+ PA; +Q+PB,Q'BIP+R; =0,
for i = 1,..., m. Consequently,
HT(ATP4+ PA;+Q+PB,Q'BI'P+ R)H ' =0,
for all 7, and therefore, we have

HTATPH '+ HTPAH '+ HTQH '+ HTPB,Q 'BIPH '+ HTRH ! =0.
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Therefore, we get that
(HAH Y HTPH '+ HTPH Y HAH Y)Y+ H TQH 1+

H TP Y(HBH YHTQH Y Y HBH Y HTPH '+ HTRH ' =0,

for all i. This means that the pair (H-TPH ', H-TQH 1) is a common Riccati solution
for the family V.

Theorem 7. For i = 1,...,m, suppose that A;, B; € R"™™ provided that B; have full
rank for all i. If the family U = {(A;, B;)}", has common Riccati stability, then the
family V = {(AT, BI')}™ | has common Riccati stability

Proof. Let (P, Q) be the common Riccati solution for U, i.e., there are positive definte
R, e R™" 4 =1,...,m, such that

ATP + PA; +Q +PB,Q'BfP+ R; = 0.

Since, P > 0, then P! exists. Thus, by pre and and post-multiply these last equations,
we obtain

PAT v AP+ PIQP + B,Q7'Bl + PTIR,PT =0

Define
P=pP 10,
Qi = BZQilB,LT =0
and R
R =P 'R;P7! -0,
i =1,...,m. Since each B; has a full rank, then B;l, i =1,...,m, exists. Therefore,

.
~ —1 A A

Q; s are defined. Thus, for ¢ = 1,...,m, the pair (P,Q;) is a Riccati solution for
(AT, BT). To see this, for each i, observe that

~ A ~ N ~ —1 N N
(ANYTP + PAT + Q;+ PBFQ;, (BHTP + R;
=p AT AP+ PlQP + B,Q !B + PR, P7L.

The results presented in this section demonstrate that common Riccati stability is
preserved under scaling transformations and similarity transformations. These findings
underscore the robustness of Riccati-based stability criteria, which remain unaffected by
coordinate transformations or uniform scaling of system parameters. By establishing that
the Riccati solution remains valid across such transformations, we show that the proposed
framework is not only theoretically sound but also practically applicable to a wide range of
control systems, including those subject to rescaling or changes in system representation.
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4. Examples and Computational Verification

In this section, we provide numerical examples to demonstrate the practical applica-
bility of the proposed stability criteria.

Example 1. Consider the family U = {(A;, B;)}2_,, where

2 1 ~1 1 0.1 0 0.02 —0.019
Al_[o —3}’ AQ_[O —4}’ B = [0 0.003}’ and By = [ 0 023 ]

It can be easily verified that

e o

form a common Riccati solution for U. A simple calculation shows that P is a common
Lyapunov solution for the family A = {Ai}%zl and Q™' is a common Schur solution for
the family {Ai_lBi}?zl, verifying Theorems 1 and 2.

Example 2. Consider the family given in Example 1. A simple calculation shows that

[0.15

the matriz P and Q = ] form a common Riccati solution for the family V =

0.18
{(BA;, BBi)}Y2_, for any B > 0, as asserted by Theorem 5.

11
0 1
ample 1. A straightforward calculation shows that the pair

Example 3. Consider the nonsingular matric H =

}, and the family U from Fax-

P =HTPH = [_22 32] >0

and

0.1 —-0.1
—_g-T -1 _
Qu=HTQH " = [—0.1 0.2] =0

form a common Riccati solution for the transformed family V = {(HA;H~', HB;H1)}2_,.
This result is consistent with Theorem 6, which asserts that common Riccati stability is
preserved under similarity transformations.

5. Conclusion

In this work, we have explored fundamental stability properties of matrix families,
establishing significant links between common Riccati stability, Lyapunov stability, and
Schur stability. By demonstrating that common Riccati stability implies both Lyapunov
and Schur stability, we have highlighted the utility of Riccati stability as a unifying concept
in stability analysis. Additionally, we showed that common Riccati stability is preserved
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under scaling and similarity transformations, reinforcing its robustness in various applica-
tions. These results provide a foundation for future work in stability analysis and control
theory, particularly in systems with time delays or those requiring stability across multiple
configurations. This study’s findings contribute valuable insights for the design of robust
control systems that require stability despite parameter variations and transformations.
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